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efthe 2ow headed by ; andnt ersech on

jthe celumn hended by

n
* a *a2

For examle, the cayley table for the
binany operation mutiplication delined on

-o,, -1 tven belos

Special tpes o binay operations

Commutatve'
SA binaty operatiom * a set is

Said to be COtmmutoti ve i4ax b - b*a
der elemen Bz a,b eS

) Amociative:
A blnaty, OperaHon on aset Ss6aid to be sociative R a * (b *e) -#sCB *c) =ad*

(A Y cfr a elemen a,b, c eS
3) denty

A binany operation * on a et S t
to haveian dentity iR theneerssai d
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Scnete mathematics

Onil T
Algebraic Sstems
Den: Bimny openation

Let S be a nen-cm se.
binay opes ation on S i ule thrt assans

Coch OAdened pain elemenk S a
unigue element o S. In dtherwerds, A

unction fronSxS inttsbinany cpenaticn

Fxample :
Let S-N be the se o all natural

numbens Then addition and multipliearien are

bina operations on N der ala,b6 N,

ntb and axb e N

binaSubiraction and divicion are nof binary
Cperatfons Non

Ezample
Led SS1, -1,o. The additien is not

A binary operatfon on S. Since the Sum

141= 2 i not an

mutiplieationx
element oS. But the
a binaay operation

Ope ration table

hen the Se S has only a inite
then the esults af

binay Operation tos
may be zlepxesented in table known

humbo af elemenis

apryd
e lemenk

Operation table c cayley table

Suppose S=ia, Aa, an1 Then the
1Esult+7esult a; * aj is entened at the point e
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an elenment e in S suchthat ake=exg=

er all aes. e is 6aid to be an identitfor all

element or the binany penatiom *

A)Tdempotent

te * be a dîn a Dperatiom on A.Let

Then an elemet a tn A tdempotent ifara.

Theokem
An. idendity ekment for my btnay

Jsunigue,operaton t éxists

Paso
Le! Sbe a hon empty set wth a

bin aty openation * onit

e e be an identity element for *ins

By deiniion, e e,x a for all aes-
Suppose e to be an olhe1 identity element

Considenioq e' ari element in S and
an identi ty ement applyg.e

We

ee exe'-e' -
Similaly considening asan element in s
and an fden tity lement, ue gek

e'=exe = e -0
cembfotng 6, eexe'=ewe have .

ie) e'=e
The two identity elemenb ae the

5ame
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x 3 7.9.
3

+ o 23
3

39 7

3&3 7
3 3 o

7 3
Show that and T Are Ísomorphie

,
.

Ne deine the unctfon :sT &uth that

gto) gt) = 3, gl») -9 and a) -7
Re place the elemen inSby tHeir 'maqes
and the operatton+ by *, we then qet
the Rollowing Eable,

.

3

3 7

3 3

3
Rearangng +Ris table, toe qe exattly

the Jabl for T

Rearanga
T

So and T e isomorphic
HE:1

et &=NxN ,N befog the set oR pasiiveTnteges and * be an operation on givenCab)* CC,d) = CatC, b-4d), S-T is a
by

pasive

emiioup Dene": (s, *)-9 (z, +) b
fCn,b) =-b . S.T is a heTmomoyphism

Let y,z be the ordened paim ob), ced)
And cef) tespecfively fn NxN.

Then ypz = (X*y) * z .

[ab) a Ccyd)] *z
[a+e,bt d) * Ce,4)

Page 4 of 124



clearly +he &e F I6' clozed unden +he Oprrafia

and he se <F, Po> Is an1 Compogion

System The Operatton fs both
and osoctative. is tho idenlil

laebraie
Commujabive

elemen .

4
3

2

Considedetthe ded o equivalence clact c modulo4

K ro1, fI1,[2J, f3]G
Le Us, dohine an operation t, on 7A Given by

riT J = fctaj) mod . fori j-0,1,2, 3

The ofperatton on , is dertaibed

ToJ ToJ DI [aJ [3JJ

[3

foJ, J

clely the Set Ps elosed undet the
operafn t, and the Se <,,t,7 i's an

algebra ie qstem oith the ope ration ohick,ohich
associaie. roJ i +ha.js commuta hve and

idenhity element
The fwo algebraic y sterns <F, 0> and

stnuckurally ditfonenE
.
hey

nin fhe name8 of the elements

and he ymbols Used or the operaons.

<, ta> ae not

ane onl diferent

We shall notoforrnalise these ideas
Jet us how derne a mapplg

:F4 uch ha g)+Tj] trel3,3
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Then or nny hwo elemens A,b eS, we hare

So we have gax a)= gto) a g(a) e
'Now let a be an .ldempotent elemend of S

Then
Using n we et ga) gCa)ag)-0

Fan cleæly shows hat a) ts an ldempoten

element o5 T

So a s an idempokent ele.men in S, then
fk Image gca) h an ldempotenf element in T

Thm:
let (s, *) and CT,A) be monoids wth

tdentiHese ande tespectely .Jek g:sT
eAn onto (Semignsup) humomevph/sm.Then

e)=e
pr e bbe any elerment T

Si'nee onto, hene is an element a to SS

uh hat

Now a =a*e le befng the idert4y element)

ala)=b

-gCa) Jtake)
gto) ge) Ctsomorphisn o 1)
b g te)-O

Agatr

Ca)a (eka)
) 4gta) Cisemopirn oa)

gle) ab-
combtning Oan d we have

bAgCe)=te) & b = L
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Vhis shw that gle) Pstheley dentry for T.

g)-e'.
COnolla

T (8, ) and (7,A) ae ennigioup uch

S hs an tdentityand Tdoos noE
be isororpke

hen +Ae tuoo. semigrteups annoi be isomeph,
+he

Le CNM, em) and (1,a, ET) be anu

O monofds. A mapplng M-T u th tBak

or an Swo elemen abeM1
Cn b) =gta)Ag tb) and gCeM) e i called a

dmoneid homormorphis

Note
I9 onto 9(atb) =ga) ag (b)9gem)-e

by thm's. T Sno+ onto 8en) need no

be e The ollening example tllrates this

Fet 6e +he 6et o ,an natural numberu
.

eint g' N-N by gtnan tor all n.Theo 4

fs a 6emiglou honemoophism on (N, +)

n to ttse But g) =£1
Thn,7

S.T the monedhomemoviphism pesEAVes

the property tnver bibty.

P e (M, *, en) and CT A, e) be any two

monoids and le 9:M-T be a menoid hememeapht

Tae M finvertt?ble, let at be the ineme

0 a n M.
Ne wtl now Shew thabg(a") will be an

hvese a gca) Pn 7
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step : shoo tha g i one- o- one

tep 3 Show tha i ono
Sep 4: show tha alaxb) =g (a) Aab

R Ts, X) and (1,A) are firite semlg1oups

and is
ste label the elemenk

pocsi ble to HR v1apge añd

o S So that+Ae
Cayleyta bles o s and T ane tdenHcal,

conclude that (s, *) an T,A) arehen
iSomorphic

3) A Semigmoup honomoaphism
That

pese ves
1Sa &octaHvty

a (Caxb) c) = (gca) Aglb))4gre)
W.E4

Le Tbe the set of all even 7egg, Shoo
that the semignoups +) and (T,+) are
fsomorphic
Bent

Step 1: We deEne -the furction
Gt:zT given by gca)=Ja whee aez.

Otep 3 Suppose a(a) =9Caz) where a,aa ez.
Then 2a, = 2a2 e. A A2

Hence mapping b s one- Fo-one,
tep 3 Suppose b s an even intege

te , then aez andb/a

te) everty element b 'n T hs a Preimage inz
So mapP" 'son o

Step 4: et anod 6e z
gnTb)= 2Catb)

da+2b
Hence (Z,t) and CT+) are isomotphe Semigoups
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Theh gTca) and'b=a"cb
Now ara'ab' gnagh)

a(a cax b)) GFnce a sa
TRomohisn

g).cns b). b

Hence a1 is an somophis m

Thm
T A hemomorpkism oaonto aCommutntve semlgtoup (S,*) Semigiou

CT,A)thep (T,4) s. ako commutate .

e , and t be ang two elemeok o 7.

As gis onto, thene . exisk elemen s, and s
in sSuch thatg(s,) -t, and gs) =t

Noo t, st= glsi)4g sa)

Pn S

g(s,* Sa) 6i8 hamomephut

(Sa * S) s is cowmutate une

qtsa)4(Si) os 0 ihomomopkihomomorphisnt

Hlence T ,A) s Cotnmutati ve .

thus isomorphism ptesenves the po pesy
commutativit t-90

Thn5The property ofdempetency 6 presnved

unde a semig1oup hotmomophuism

P Lel be a semlgtoupihormomorphisy

frm (s,*) to T/A)
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d*a) a = cxaa-OD
d*Cb a) - d *b =

= c
By asoctative lad, Cd x b) xa = dx Cbxa)

CX C i)
b) *b = c*b
*C6*b) = d*a=d-

soctative law, Cdxb)x b=d* Cb xb)

Cb=dd-(i)
*b) *c cxc-6

dCbx c) =dx c e 6
5 ass ociative lad, (dx 6)*c =od * Cb*c)

CC c-(i

d b)* d c*d
d*Cbxd) d*d =d -8

By associarti ve laud (d*b*-d -dxxd)B
Cd d (

Thus the table is cotmpleted with new entries

6
b b

W-E:6

ek Abe a set wth n elemenk
a)Hoo many binany opevafton can be defined

b)Houw any Commutatie bnay Operations
On A 2

can be defined on A?

An
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lote:
Ne can hoo thai A cyelte monotd. 'e

otmmtaHve. et b, c eM and a -the generator

cye cyelie nmonoid. Ne can wnite b=a", Cz

er Some m, neN Then b c = a *a'=a m*n

an d Cb= a xa- t o b* C = Cr b,
for all h,c e M

lerked ep
Let be he Set af posttve tntegena

X the operatfon oleast common mutiple(f. CM)

on N. Fnd whethe (N,*) sa commutoive
Semigioup T% t a mono id Spec theidentty elemenk 'Nhieh elemen f'n hare

ohat one they 2CnveKe and
Sstn

Le a,b, c'e N.

Je'Abe the set oR al pri'e numbes okick
divide atkast one o+he umbes a,b, c.

A P:p ts aprtime nurmbe and p divides

ateant one of a,bj c Then A s a indk se

Le A ={R,Paj Pn , uwe can wit

P'. - Pm b=P. P and
a

C P P m or Some non negatin

P1 f2-fntegers Pm Y,

Then Emab =iM (Ab) = P".
twhene e- max fti, P:}' for all i-t,.

As max Pi3- maxf pi,«f}, for all1,
We have xbr b*a

As ax imaxifi3,7: j=max { «, Pr,?i
maxii,max fi,?i3

Ne have (nxb) xe -axlb* c)
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procee.dlnq tBus, we ftnd that

Numbe o blank spaes tn he (n)o0-
n-Cn-2) =

And numbert o blank spaces fn tke nrw=[

Henee tofal numbe a blank 6paces to be

lled n+n-1 +(n-3) 4

+h

ncn

Since each space can be rlled wfth any one

oR the nelemenk au -the hnt) blankApaces

fogefher rlled tn
othe

beCan

ntrt)nnt mes = nnxhX

So humben a Commutative bfnanyoeraftons
that can be oleßtned on A

nt)/

Alegebrai C stems

An alqebraic system Cor sipl an algebra) is a

mathematical ysten consfstina o Set and one or

n-a Operations on +he set It s denoledn-amone

|by (s, , fa,... ) whene S non empfy_set and
are opesations on s'.

the., Operattors dedine á stau chuve on tu
elemenk o S, an olgebraie system ts Caltd an

stnce

)
(AI x)

algebraic stucture
Semdgioups and Monoids

en Semi q1oupPS
A honem ptyisetS toqerthes with an

associatve btnary operatton on it is.ealled a

demigioup s deneted by s, *)Semiatoup The
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Ofinittons

1) I s let distaibutive Ove and only i
or eveny a,b, c e s

bO c)= (ax b) O (ax c)

)*iA lght distatbutive ow ,and
ooly i Gor eveny a,b, ce S.

Cbo c)* a = (bx a) © Cex a)

3) * is listributive oven , f * l both

uigbt and leRt dtatrtbutve ovven

Wonked examples

W.E I

ST thesed peations u, n Cunton and

inafntemectuen ) are biny commutatfve, Asocdatiy

idempotent and each one s statbutte
oveothen
g6n

T Aand B.ane subses o
untvekal set U, we knoe that

AUB BUA and AB= BAA

Hence The openations Uand n are Commurtatii

Also A VCBUC) =
= (AUB) c.

Anod An BOC)=(A B)nc for any thnee sek
UA B, C

Hence and n ane asociaive

n

We Know that AUA = A and AaA = A

or allses A In U
are fdempolemt

Again we kn odtha AUCRe) =AuB)o (AUCO

So and

Thio shsws hat union alistaibufes ovey

interse ctton

Ako AnCBue) =(An 8) vCAAC)
ie) itessection olis tibutes ovet union
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clet +batFovm +he tables, 1t i
C 4) -gt) wohene k- i4smod

g) 1 Ct), Cinjeo,y3,3)

theThis eqn Shoo hat
he agument of s the

1esulf othe Operation applted fo the

inagesf(#') ad g(s') o +he elemen fandf

In othert oords, TRe mapping a pteseaves the

perattons and t

Same s the

This porope othe mappirgais shawn

FXF O

Ne nd that the eßfect o appy'a

he maPP fror FxF o F and aPplying

hat tegu lE is the San
+he mpp o the mapping j "TA

mapp
ns the

tFxF to obtain an ordered fpalr 4 x and

then Py ng the mapping to this

ordere d pain.

Le (s,x) and CT, A) be any wo Setmíplsups,

Amappling G:ST Such Thaf for any too elemes

beS2 (axb) = 0) gl6) & alled a
SernigA GUP homotrorphis m Jupposea is also

one-to- one and onto, +Ren k called an
Somorphis nn.)

An 'somorphi smis +Rus a
homomoTphism.

pe clal kFnd
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hus ts,x) aSeméyleup, sor any
a,b,ic e. S, ca*b) ac * lbxc)
The se rmiqi oup

commutative, * "s'a cotnmutative operation
Fx
e N be the Set o posiive integege. The

CN+) and N,x) aye emigraupsih ce

ddition and multiplication on N are Assotiatie
These sendqiauPs

(S,*) îs said to be

Commutative

akoako Commutatie .are

A Semigioup (M,x) wtk an tdentity

eRn Monoids

element s, ealleda monbfd. Thus tM*) is
a menotd,i5
oany a,,c e SCa* b) *c a (bxc)and

1

2)thene exists element ee Msuch thatan
forany e M,

Thus a monefo hs a uniane or a special elenun
called tk identi For ths. nemon, a

epnesented C4e) to highlight
e is tk dentity Ce i a

meneid

he ack that

0-0r operation)

CZ+) a cornmutativeemlgrtoup haing the
humbe 0 the identity element. Hence (z,)

Sa monotd

et (M,*,e) be a monotd and e M.Then

thete eiak an elementb eM suth that

a bb* a.e,..nehb ibycalled an Ineme qa.
saPd to be invertibleTn thls case
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Cate, Cb+d)-417

Cotc+e, b+d+f) Since ,b are
ositive inteyes

x Cyz) x*y*z)
=a,b) *[Ce,d)* (e,t47

=Cab) * Jc+e),d+41)]

- faCte), b +ld+-f)

= la+Cte, b4d4f)

Hence rp z* *ly7)
So * asociatie and iha semigiOup

fx)4 ftab) * ce d]
fln4c, b4d) by den of *

Cotc)-Cb+d) by den f

NoW

lab)+ Cc-d)

f lo,b) + -flc,d)

f(x) -f)
So a hormorneashiko

Paopettie o hornomorplui a

Theore m3a a senlgiaup isomorphism hrern

s) to (T,a), Sho that rs a fsomorphis
rem (T A) ko (s, *)

6 an isomorph's m rom (s, *) folT, A) .

one -fo-one onto maPP
exlss and ts 0ne-to- one mapptng

So

Hence

ot
Let and bbe any two elemeik o T

Stnce s onto, we can tnd elemenk a and b

to S

TS

ga)=a and g (6)= b'*
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Thus * š asso e ative and CN,), ts a commutathve Semi
6ub

= oT all aen, 1 is +heince
identity olement oT * In N

TRus (N, *) is a monoid.

Let ab e m such +at axb =

Then % is +he c.MoAand b, we
have aEI, bEI

But o a,b eN we have a2 and b2
TRus a* b = is posible only when a= =b,

And a =i is the only element whuch has the
fnverke wth tes pect fo

WE

S.T {ora dinite menoiod (M,* ), no tuoo

coumná the Caey table ave

dentical

7 As monoid d hos an iderfity elemend

Qenote by and the temaining
elemen oM as ag ,An (n denofes the
numbet af elemenk oM). Then the ivat
o the composten

s ako he 'st olumn
obrlously, no fwo owsC columm) are

dentical Sin cethein inst elemens one diffezed

Hornemoyphis and Isomerphism a Semiaoups

and monoids

table ik
2- -,an, which

mapp RuncHon xX be gvn by
ex 234 1 be a set anod

be

-{1,2), c2,3), (3,4), t41) }

form the unctHons 4". let us
denote f by f. Denote the tdentity funefon
u,), (2,p), (B,), (4,4)} by + Note that -f

considex the Set F = {f, 4', 44
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a)et A-a,Os ,Anand *be +he

bfnarty opeiation
The operatfon 1able contsns h7towB and
columrs Hence he numbe Apaces to be

n

rlled up n xn n
ach spa ce Can be :lled up wth any one a

the n elemenk rom A So thene aye h 0austor up each pace
Hence all then spnces can be togethe

rlled n
hxnx-". -

.(nHmes) =. ways
So humbe a bfnaty Operations that can bedekined on AEn h

Fo a Commutative binay operortion ,
the

Ceytable symmeta ic
Hence is ehough i we fill up theSpa ces on and fo he aht og the maindtag onal.

nthi Ag Kon the numbe o paces in4he

Numbe o blaok spn ces în the second aJe
Ch-)the dist pla ce need not be lled up, as itrlled up, as itt to be Rilled up by the ha elemen in theizst How)

Numbe o blank Spaces fo the third oo
= n-2)the inst o0 plas necd not be allad up

% they are to be tlled up by the 3andthand t
elmen in the
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Suppose a,b e s
Then lath)- 3

g).gb)
Hence the mapping ,0 is

hornomozphisn

Suppose )=pt6) . Then 3 which tmplies asb

Hence iS one-to- pne G not onko fn ce Ranga

contains no negative numbers

Hence 6 not an ikornophism

NE3e Rbe the set o posiHve eal numbe

T theuneion : RR defined by =logx
isornovphism ofthefs an Semigioup R', x)o

the 8emigoup R,t) whexe x and + are usual

Mulplicaton Ond addHon especfively

soto:
Let Let x y ER

I+ is given hat g(x)=loge X

g,y) legcay)- log x + logg- gtx*g)
Runetion is a hormomophism.Hence th

To pmove hat g is onto take ye R

They j-logege),. Note e ">o

Hence 9. 8 onto.
Suppose axla

Then
log,log

for ench yeR Ixek

#t=#W=}

euez he
aeen

and,3
e)

Hence the mappfng 1 one-to- Ohe

So the un cHon fs an komorphism.

Note
1) To shoo that foo Semigaeups S*) and T,A)

Oe isomorphie, we use the
Skep : Define a uitable funckon a:s- T

follootng fruT-step rle.
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NE5
Let s Sx,y,z} ånd T= {a,b, ¢} be two'sernigr

t operatons and 4 especti ve ly,%avn by

the ollowing ables.
b c

Z
A

6z
b C Az

8.T somorphic.reSand T

Scn
Ne deftne the funetion :S7T

and gz) = C.

8uch Hhat

g(x)-b, g1)=a
Replace the elemenk in.Sby. thein tmoges ad

he
fhe ope radion by A , cwe then gek Ae
sollawing table

b

b

b
b

Re ananaa table, cwe qet exacty the

Eable fo T
san Tsomorphism between (S,*)

nd CT,A)

Conside +he Senlgisups )Ctegers
,2,

3D

E

modulo addiion ) and (z., X) C?tegersunder
modulo 10 undes mul4slicatton). et S-o,,2, 3
and T- 1, 3,7 1} e subsek Othe abové koo
Semlgtoups espectela, 1th +he jollewfng

Operatom table

Page 20 of 124



Phe :F- deflmd by the euaton
g'o)- gCs) +9 (') is one to- one and onto and

homomephisd Hence 3 s an fsomorphism.

Novked examples:

N.E
ST hene exis a homombphism ron» the

algebrae ystem CN+) to the ustem zh,t)
hene )Ns the det a hatural numberu and
) ts the Set ftegen rmodulo 4.Tsitn isomorphisro?

Let deline g:N-, by gta)-a(mod4)
for all aEN

For a,b e N, lek ga) = F'J and g(b)-4j
Then gatb) = 0t) tmod4)] s)

zftu)

PiJ,]
g)tb

is a homomorphism

the mapping defined by is not

35
AS

711

ohe- he (for eMamplk (7) =g (u))# is,not
i8omorphism

The mappin8 8 5om the algebraic ystem
C8t) to the ystem (T,x) deftned by gCa)-s
sherte t) s is the se oall ralionalnumbd
unden additim operatton + and
)T 6 the se onon-7eno neal humberys undey
multiplicatfon

but hot ao Isomorphisnm

Ond

operattonx 's a homomophism

Sdin
Now gta)=3 tor any aes

LNote qta) >o for al a lnS)
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Thm:
Let (M,X, e) be a monofd and ae M. TAa is

fnvetttble, +hen ikinerke suhique

Je a be an în vettble element In (M,*, e) .

e band b' be elemenk o M &uch +Pat

axbb'r áre

now b =b*e
=b'x Co xb") -fom(i)
b'x a) *b by assoeialive paoperky

eb" by(
6

Then ' = b" and hence the invese of a,} H

eriss s uniaue
Note

inventible in amonoid CM,* e),

+hen ta uniaue nverke ls denoted by a

Cyclic monotds

CM,e) be. a menoid ndd a be any

elemenin M,The poweK e defined

a'*a for ieN

Hence we ha ve a'*a
_ a fer all ij eN

en
A monotd CM,* e) s Said to be cyelie,

thene exis k. an element ae M Such tRat
evety element o Mcan be Otitterh as

$orme powe o a thalf i, a for dome neN.
In &uch a c he Cyelic monofds said
to be 9enetated
elernen i

by +he element Theb
Calle d t generator oj the

cyclie mon of o
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taa* a- ey lby defn anvewe)

gtaxa)= 2ta*a)=j)So

(smceHenee gtoa) Agta") g (a) ag{a)=9e,a) (tmee

ts a homomeihian,
Bu ga) re., (Sinee a monetd homsmonphi

Sr
cA) &g(a")=ata")A a)=€r

This means g(a) s an nene ata) is ga)

fs PnveHi(ole

Thus the ptoperly o huertihilh s prese

unde monoid homomonphism.

Subsemigup and ubrnonolds

Jets *) be 'a semignbup oahd Ta

subset a s. T the aet T K closed undet
S

he operatfon then T,*) i 6aid o be a

Subsermfgsup :s.*)*
dimilaly let (M, *) be a monoid

and T a subset o M1.

Operationcoth dentity

1 thesetTis closed undet the operation

andecT thern (T, *) s said fo be a

nmono td (A,,e).

Ex
) For the sentig1sup CN,x) whene N ts the set

all notural numbeK le T be Hhe et o
multtples a a postive Integer m, Then Tx
t &u bsem lgroup (Nx
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Ffll tn the olleoing table, So tAat the

bfnay operatton* Ps Commu tatve.

b

b
b

Sstn'r
T +he openation ls commuta five, he

owS and colum nthe operaton able

tmust be dentical
Hence the fimE

be a Cs they
column elemenk).

6 elemenk must be

the same 4 the fiutre

The secend dcolumn elemenk must be

cba C they ae the Bame he
Secend onw element )

Now +he rlled up enties Cre ghoon

b C

b C

C

N-ES m plete+hei table So that the binay
peratton * fs soclattve

da

b

SnNe have to up he etrues ogainsE
he Hou headed by
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T +he null sel tshe ldenHty element

+he ?dlentiby element for the opeyation n
oT+he penattor Uand the.untvenal set 0

n plu) +he powen kek a
A San uhset o u, we knoo

+hat AU= UA =A
Hence t the tdentity elemen t or

+Re opetatioh U

Alko we knod thaE' Anu= uA AAls o
thelenee Ulshe iolenty elehentor theHen ce

Opetatuor n.

TRe table abfoaaty operodion

S-}PY, S sgien* on he
Y S

P

S

compuFe
b) a*S and S*a) r* and S**

c) p (q*T) and (p*a)* r. d) Ts Commctatire,

assoclafive ?

a) A S=f S*T=P
6) S =V S*-

P 9 CP*)** =T*7=4
d) not coomutatHe Snee 1*S#3*1.

is not associative Since px q*9#p*<
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Thi:8
Fov anFor Commutotive monold (M,*), the

forms aSet o dempoten elemen M foma a
submonofd

etsbe the set a alenpotenE okmen

e Mand e be he Idertl element oM
A e*e = e b dedn, f rdertty e is

an dermpolent element n Mand e e S.
We shalshow thaE s Msel a

monoid wNh especE to The operation on M

PA

xonM
et arb es

The a =a año b*b=b.
Now a* b) k Ca*b) = a*) ( bka)

CM,*) Js
COm utori ve

= a*Cb *b) *a tassociahe
Pp)* b*a (bis idempotent)1

Cb* a)

1 CAXb) C conmutati ve

Prp)a)*B (ass otiative

PRp)a*b (a stdempotent)Cnb) fs idempotenE o M and So AbeSThus ab eS for all b es
do is closed unde and i

a&u brmonoid.
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Note

1) Vsually a seauence h writteh as a s
P s aeqpuen ce then i Hually
tritten aistVi., i S9...n.hene SnSn)

oan ako e
taken as o,1,2,... 0r-,-, 0,\,- .or

The doman a sequene dan ako

13,,5,.. . Note al hesesek ae
euntahle and each seE hm a leat iok,

A m andP au other elemersk ame

or mth , h-1,2--he
xample !

Jhe Fbonacei humbers Fo -1, Fi=,-ta seqmence o ioteger

let Sbe a hequence tntegev A
ecunence e latfon on S a fonula tat
nelates al bu a in /te numben temns

to prerlous ms .That is
k nthe domain o S

thete enikts

uch +hat Sk), for k>ko, f8 expresed
n teatns s0me (pons?hla a) theterm o tRe equen ce pe cedtog stk).
The teams, not detned by the omuk
an said to oamhe httal cmditjons

bmis)tor boundaty comditHons , or bass) a
he sequence

Nlote

The seqnernce can be detned by the

bas and the e cumente elatiann
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Unit-
Mathematical inducHon

proye tat for eveny intege n and evey ineqe

hotom

Norked example

Tn,
1Cy = (nH)C, + (n-HDCy-1

PO Let s be a' subsel

OdeA .
Jhen eithe n e S. on n s
This is cur dichetomy

n s, Then s i, actually a hset af

12, n-
clealy thene ae (n-1) C7 ubse a

,2 n-i, ech of orde , which do no

Contatn n

nes, let s' =S- {ny be the seF
obtauned hy amitting the elemen n from the

S
Then s a subrek of:2 af
Thene are (n-) C Subse k each o orderr-]

ordenT-1

which do not cot oun n
With each of these Aubsek, we can

tnclude the element h, to obtain a-)c- Subsea

o 1,2. ny, each oß order »y which
Contun

Hente altogethTThee. are,(n-0 Cy+{n-)(r-
Aubstk onde1.

This numbe must be equal to ncy, the
number

numbe o subses 00Tder T

ne= (n-1)C7 +n-1) C7-
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equatfens of highe degree These eq can be
SolrdKelwa by temevfng kncat fardors (gct by inial

oy t
and eio). he follewoíng tle wtbe usekul

achanac lenisthc polynomial h integral
hen the 1ork olt be facto o he

independent tetm o he polynomfal. Tn such

Coses the Jrlal and ev10 me thod can be
appltedapplted to aclovs the tndependert teroshur

Fxample
Sole the aollawing tecurnence telatiam;

SCK)io Slk-1) +t9 slk-2) =0, Sto) =3, S) =|1,

dn
Step I: The chaiacfenistic eguaHon is

Step 2 Tts 16vk ane I,9. CThts Can be

get byactarlzation o a-ton +9 or ustng

-bt yb-4ache ornula or 1oos o a

uLadrae equation )

ep 3 As the 10o ane diatinet,
StK) b,. i*+ b, 9 = b, +ba 9

Step 4* btb 3

3-Sto)=b, tb, =b,+b,

11 &t)= b, +b 9= b, +9b .5
- 86-8

Solving these eqtations, we ge ba = l, b, **Solving

len ce S(k) =2 +9*
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A7teeu?vien¢e te lahHon on a Sequence S in,

ne a 1e cuOIeNCe 1elation uith constant

cocfieierk il o 1he form
SCe)+ C, Slk-1).. .+ CnSCRh)rJ[k), kzn

uwhene C,C - .

, Co ana numbe and f i a

unctton deined or K2nAlko ik nfo Then

6aid to be of orde nthe elation
Note

A lneat tecutence Helation wfth constont

Coictent s simply called a neat neladion,

ekn: 5
An nth orden lnean Melation a

hornegenecuu stelation SCk)=0 kor al k.

Fot a lecuten ce el ation
Slk)+C stk-1)+ . .+ (n SCe-n)=f(K), fhe
amociated hormog enegs rela ion is
SCK) + C, Stk-1)+ .. . + Cn SCk-n) =

Fxample 6

conside the ecustence elatims
)otk) -3 0Ck-1) =D

1) cCk)- 5 c(k-)t 6c(k-2) =2k-7
rinstk) - 4SCk-) - f1 SCk-2) t30 s (k-3)=4
TCK) = TOR(L k/) f 5, k2o uShere LklsJ

is the inregnal pait of
Sofns a honogeneos elation o orde.

) rs a kneastelatfon, orden but
no homogeneow

a neat , nom-homogenerys rolat'n

Page 30 of 124



- ges yn -+Yn- B4"
Ustng n

stn9 e, Yn-,4 Yn- B.4 '-

and and we

Yn Yn- = Yn- *Yn-)
S) tAe 1éqpdted iet uP01ence 1elation inelationa

B4

(n-n+

NE 3
Ftnd the necurotence elation for the

Yn 8Yn-+l6 Yn-a

Fibonaci eauence
Sotn

We know that the Frbonacci sequence ls

delined by Fn= , tn-2
Hen ce The ue cuvnence elati on , or theHence

Fbonacei seien ce,, 6 Fhh--Fo- Fo (o
Fln)- F (n-) - F Cn-2) = o

Fo the seaence olefined y ACe)-kèk,

K20., obtain. the ecu01enee elaton if AK20
i6. a Aequen ce ntege

setn
A(k) = kk,

ACK)=(k-)(k-1)-(k-U
Hence ACK) - Ak-1) = k*-Ck1)- [k-(KH)7

ACk) A k-)= 2k-2
Sfmilaly ACk-)- ACk-2) = 2Ck-)-2 =2k-4

So Tate) -A(K-1)] -fA (k1)-ACk-2] =

fe) AkAACE4) - AC-2)4 o fs. +Ae

1e uoienee elatfon, dor theAequence AlK)
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- b* s dtvistble by (A-b) .A

je., PR) is Jtueplk) ts ako 1nue

By the prtineiple mathematieal induchian,|B
pCh) i6 Juefor all neNne

NE3
Ptoye mathemattcal inducton that s'>nor au ne N

s6 e ptn)"-n>o
pu h-i

ptt 2" = 2-I =I>o
So pt) fs tau

Let ume that P(k) s tue
Hete k t pstie integen- k s pohiive

inteq

To proe hat PlKt) alko is positive,,
ktIconside Ck+1(k+1)

K+New 2' CK+)= 2. -k -|

Ck+ m) - k-1 Substhutng

K42m -1

postive numb1 C'. m fs poibe)
ie 6 Pk) f,"taue, PlR+1) t8 ako tue

So by the ouineiple- af mathetnatical tnduttonSo

pn) tn u
ie - h'>o

So a">n for au neN
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Solvng the eqns

b,tb

Je gel 3,h, -i h

ence ftn) - 1.3% 3.5"= "A 35
"

E.3 Solve tRe tecutence telatton

SCK) s(k-1) -I1sCk-2) +30 S(k- 3) = 0,

So)= 0, S)= 35, S2) =- 85

Setns The chaiaclerú.shc equattom k

a-An-Ita +80 =O

As i is a cubic eajuaton, ue heed t

a nea factot t

check whethe +he facto 80e patate

e. I, #2, 3, T 5, t lo, t|S one 16vs

ane hot 1ovE of he chaiacferishe eap.

BuF a-40-lat 30 =o i ntHsßred

when

Hence tsa A6ot and 0- t6 a fa ctor

oR the
chanacteruistic polyremial a-aa-1lat30 ,

By Sythetic oliviston

2 -1S is a facto

2
30

-15

Rev o A A -/S =0 ave - 3 And s

Hence the stoo athe chatacferisttc

eqn ane 3 and
Thus stk)

=6,.+ b (-3 + 6,5

A6 Slo) = °, P-Fs S(n=-35 and s6)

e
D= Sto)- b, ° +b, (-3) +bg (5)= 6, +6. +b

A
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nieturaive deln o a polynomtal)

The set s[xJ o al polynamiak w

oS depineCocRRicienk ane elemersk
(e curalvely) ollows

| ) any element of S ts a polynomial et
degtee xeno

a poynomial of degree n2) px)x4a
twhen pCx) a poynomlal odegrea n-
and ae S
3)nly those expremion obtalned by

using0) and (
Tmes @re polynorntak

nite numbe ot

Fample.
Considen, F(x)z. 5x+ 4*+3xt 2

This can be dekined Using necursive
S4ar3y 2oln a ollowA

(5d) 2)742Fx)= (CCC5 )C+ 4)X+3)X+2)
frts)x h)7i 3)1)|Note.

polynemia) dened tecursively ia
8atd fo be in teleicopic Rorom.

The me Thod of outing a polynomial în

te curslv om (teleseoptng fom ) s
called lorner's method

Nole:
In compute, mulhiplkcatton

is perfonmed

1

o% nepe ated nddition ,(ie., mnemtmt... nti

aHeduction ?n he numben afHence
PmuHlicatt a ve mone Computen tfme than

educHon tn The num bes adatms.
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kCK+1) CRK+H) + 60K+i)

6

- (k+1) Tkt2k+1) +6Ck+1)]

6

(k+DC2+7k+6)
6

kH) (R+b) C2x+3)

6
PCK41) .is ue

Thus, 1 ptk)is taue, Pk4) [s ako ue
.By the potntple o mathemateal

thductiom

h Cn41) Can+1)
6

for all n2.

N-E:2
Ohew that a"-bR is dlvisl ble byta-k

Or au ne
sotnet pCo)- a"b" fs dWatble by cA-b)

pC=ab= a-b is dtvisible by (a-

P) ls Etue

Let us asuoe hat Plk) is frue ie,a-
in diviseble by (a-b

tet a-b= eta-b)

b+ cla-b) 0- aa -.
= ab c(a-b)]-.b

ubatituti og for a fam

ab acCa-b)-b
bCn-b) + ncCa-b)
b) Cb ac)
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Exaople
The Frbona cet sequencee is deined by the

elation.elation n= F+ Fn-2Fo=l, F, =l ane the tnitial

condittonsconditrons on the basis Now any Fn, tn22)
0

can be obtained by using the kasis ard iepeated

appitationm o
Fxamplt 3

Find the necuvnene Helation and basis tor

he Hecwvenre delatíon
.

inehinl
rondition

the stqpenee t,3, 3,..)

sdn
Take fotl,?,.. }os the domair ohe sequena

Then n =', A =3, a2 3

Hen ce.. an = 3a the 1ecwencerelation.

Ao = I i6 the basis

Example

Consida deßihed by Ck)= 6:2*, k2o

Fr'nd the uwience HelaHon on

ssin
Fot k, (k) = 5 2

KI

and DCk-1) = 5&

tk)

DK-)

Henee he Hecusolehce elatiom is Dlk)-90(K-1)-o

kI
The initial conditon fs 8lo) = 5

Aefn:3
A Hecuwttence telatiorm on a sequence SA

is o ovden k 7n) expre Ame d a
uncHom (h-1), 7T tn-k) and n-k
ppeats fn the function

xample 5

The nélation Ttn) = 2(T (n-1 )) - nTn-3) i
91cuOILnce elation a 01olen 3
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Prtove that f Iuatanal

ed s assume that va s 1ational

Cie. no bvlational)
Then = whete p and a ane intea

hAing
onk intece

facorComnOn

Then 2 =
or Pi 2

p

So pis
This Implies that p ls even, Since te8que o ani ddd humbe) is odd

even

So P= 2n dor some tntege n.
2Then P-4n ie, Anór 2nThus is even

So is eve'h

2m or 6oMe integej m
We haencw avilye d at the10sle hatboth P and even and have a

Commern facdoN
This is con+rat y our aumption

have ho Commom ackor
that P and

Hence our aumptfon that isrational ts wnon

So V2 is ivational
Ptincple mathernatical

induetion
e ptn) be a t otement

9propositon Involving the natural humber n.natural humbenn.Then
a) D s tnue an db) plR+1) ls tue en Thé omumpHonthat pK) is ttue
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P t ethena pstime o a produek apime
.Alko 4Alko ais eithe a poume ov a produtipoDduti

oh pru'mne

Cenwquen1y, p4 is a produd al prtime

Recutence nelatiors and generatin9 unct

Rrruttehea
Example:

The Fibonacei numbers Can be defined s
The

olletvs
F =F = 1, Fn'e fn- tfn-

Fxarople:
Can he defined follewi

AC , nen-
nCy =h-), +h-) C_"! n>T>d

Example 3
Ackermanns 4unctton can bè dened

s ollews
A(OY)=Ytk
A (x+!,o) = Ax,)

A (x1,Y41)= A (x, A Cx1, Y))

Note
veu' hat Ata o)=/3maThe stu dent

E xampte
is the bois jorFo F='

Fibonace? numbers. he barsis or hCy ekc.

Recurslon, teratism and inducbon

xample4Calculahe F af the Fibonacel numbes
sing f) neeurslom t) teratian.
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the runple omathematical tnductim

or all n
So by

ph) is fue

NE 5
Suppone we have stamps of two dinent

denominattons, Rs 3 and Rs.5, shao that

ts omible t make up exactly any
postago o n upees uwhetenz 8 t an

nleqe ung stampa o these tuo
denominations

Let pn) be the statemen

pn) t ts pomible to makeup exactly

a postage. of Rs n usfn Rs 3and RsS
stampA

clealy p(s) 16 true os ohe Rs. 3 stamp

and one Rs 5 ane enough to make up a

postage of Rs 8

Now aume that plk) ts fue sor some k

Suppose we make up a postage Rs k
ustng atleast one Rs 5 stamp

Replacing a Rs 5 stamp b wo Rs 3
stng

Rs 3

StampB wfu ield oa cway fo na ke, up a

pestage. oRs k+)- Rs slatapsonly
On the other hand

postag

Since k28, thete must be atleast

Suppose we make up

Rs 3 stasmps oyO R k usin9

hnee Rs 3 Ata rnps

Replactn thnee Rs 3 tam by wo
R 5 Stamps cofll yield a uny to ,make up
postage of Rs Ck+)..
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Solucttonof eni onde homoqeneDus (Unea) telatfomu

Faramplec I

Find t closed foom expdeslon or the

Her uience telatiom

k) 2 Dlk-1)=0, Dlo) -6

sstn

AS Co) = 5, D1) = 2oto) = 9 t5)As

Ne Can pnove by inductton that k)-5 &

fer au Kzo
Flence oCk) =5. 2 a closed form

expriessfom do
Den

The proco of inding aclored sorm

forthe te fa Seauen ceex ptesfm
otm tkron fE ecuseh ce élation scalled stlving

the telattom

Note

In example , we haveseled the

telation DCK) = 2 CK-1), oro)
=5

Tn

The chaiacteniatic eauotton of the homogeneou

Relati on of order n

Sk) + SCk-)f... +Cn SCK-h) =o

I6 the nth degmee equation
nan+C,a+aa 4...+ Co- + Cn=0

The lot-hand slde o +his eauatton Is
called tAe chastactertsttc polynomfal
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Fxample
Find the charactestistic equation

Tk)- AJ(k-1) t4J (k-2) = o
a-Ia+4=0.

The cha1acientsttc equalton is
fo

a-hath =o
Algorlthm or oling nh orde

Mecuroience telatfon

homoqkneous

Step 1: Wite the chnacternistie equatian oR the
ven homogene cu Helaton

Step a Find all The too - o the chaiactethe
cauatton (They axe called chanacterisic mok)

Step 3: G) IR the 5DSa, A2,. An ae
distinct hen the geneval sduffon theecuotence telatfon is

Sk) =b, a+b, a,++ b,an-0
) 14 the ok a is peqted P Hnes

b teplace d by
CotCK+. tCpk)

(In pavbtcaln, ats a double nevd then

b a teplaced bcotk) a;*)
Step 4 { n nitfal Cenditto e géven,

Obf ain n knea ean fn nunknown
byba , bn (aot, in 0) b eplacing .H$
o by the gren values 1 passible,

sole these eguatrm

Nole

Ne have a gereral method r sdving

quadratic equattons But t6 difficulk to sele
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Wonked examples Jo tnd uion
We

ham to f

Dlk)- 8A(k-1) t 16otk-2) =o Whene
neral

solution

Sole

The chanactenistic equation te

As thbe Hepeated

k) (CotCi E) }

toDk

T6= l 2 ) = Co+I) 4= 16CCot2)=16Co+9

That is8, 64Cot192 C = &b-0

&o = o 3) = (co+3C,) f = b4 Co t+ 192

6 Co t 82 Cj = 16

-h x giveA U12- 128) C =&o -64
So C Co= l-2Cj =a

Hence ok) = la t ,K) 4*

NE 2
Find fn) fen)= 7ftn -)- 10-fn-2)2ie

hat fto) =4 and f= I7.

The nelatton is
neral

So'n

in
fn)-7ftn-) -I0% {h-3) =D

lence H chanacteristi c equatisn iss

Tatlo = o

t6 dovk A7te S

So Jn ) = bj 2° b. 5

4 fto) = b2°+ ba S=6, tb
7 fr)- b, 2'+ bg 5' >2b, +5b,
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Jerked example

E.T e P(X) X3x15 x+x-1o, in telescopi

pX (CCtiK4 3)x. I5 ).*+o )x+ 1 )X- 10

Use Horneds method to wnite poo-xÅu

In telescoplng om. Also mentfom he numbe
se

mul#muliplicattons and additions frubhotions

nvelwd i felescopieom. Compane P

wtth uSua den
ptx) (CCC)*A2)X+3)x+ 44)xt 0

e Hequ tne 4 muliplicatfom and t ndolihm

In +he Usualorm we Heauite
ultiplicatons and addittos (for enamde

p(2) = t (4) 4 2(2*)+3(2")+4{)to
Ne mulpty 4)onh ce)

=2 Conte) 2) (once), 202') Conce)

(ence), 32)(onmce)

ond Ca4) C once)

Thus we equine 7mulf plicatt ons

Thus by writingg polynsmu'al Pn

telescopic fhe numbex o multiplicaton

i Heduced m7
Re cuviente nelartions

A 6eauene tntegers (abo called a

distnete 4unction) t's function rom N Prto

z (wheHe N ihe Se f al natunal numbeas

And f6 the set o aU tntegers)
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Qote Costucted rom A have the p1opetty AP
3 The elemenk Cersfauchrd as in 1) and (2) ane

he only clemersk stii po1opet P

P Aammirg lannges and nreursiom

A PMOr edune 01subrtoutine 1 a tool

i0gammunglangpunge which enables a
pHogiamme to epieas fust once n algoofthm

edhe ch is Useo tn many places cohile

fn a

the pMog1amme.A proredune that
eneuting
contains a paotedute call to 1tsel ta

Knewn as a ecursive prveedute
Recursivt proredunes ane applicable in

.d ages like

Hecent vèslons
most o the prog1amming

ALGOL etc and Kome

veny eaaty. versions a
FORTRAN, tltuYsÍve ptdcedure, were not alowed.
FORTRANN Tn 5ome

When a iecurs?ve prot edue 6 to be

mplemente d usi'ng a coptte1angaage

aeach tHme procedure calk,hsel,E

must be neatta to a soltton

b)+heHe must be adeclslon Citenion

coTnputatiom (this apples

algothms tD general)

Polynemiak and Their evaluahions

AtCa, t Xln,) )

The advanlage s that th wny ewriting
.

numbe e multipltaatians fevmteduces the

three t tw o
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Thus ptk). n. inue. for otme kè8,
Thus

hen PtR+1) is ako taue.
Thus the prin tiple o malhemat

pn) s trut for all n o

ptn t ple o Sdmong mathematical indution

malhematic

au
n28.

fhductton

Fo given statement involving aFo
Cwe Can how thathatural numbe n,

The statement tue dor n=no and
The statement is t ure or n=ktl,

uming. that the
all n, n 4k

tatement

hen e can on cude that the statemént
is true for aU natural nurmkens nz ha'
Fxample

Any posHve integer n22 is eithen a
pi' me p7 a ptoduct lmes

To pAove.this. we se e prineple .e
sttong mathematical tnduction
1) Bsis R induetten: Fèr n=a, Atnce isa
prn, the statement 1s true.

)inductton step: Asume that the stateman
ts ue dor h integen engk.

For the integey k+l, kt 6. a prime,
fhe statement ls Erue.

T R+1 i not a prlme, then kil can
be wrutten o P or'Aome 2 2pek

and 2494k.
According o the induehhan hypothesis,
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Ne conelude that a stafemend ptn) fs ttue for
all hatural numbe n.

Hence piove that a statemeht pln ) is t>iue
t

spr alnobural numberu we must go fhnoug

two ste ps :

Fizst We must p1ove that p1) ts inue

Seccnd Amuming that p(k) is irue, we

musE piove that p(kt 1) is ako tnue

The st step i called the bosistep

tAe
The second step fs alled the induchion

step othe pcD

The

Horke d examples

NE. prove by inducHon mefhod, for n2
ntntt) (AntI)

6K=i

Sotn-Son e Pn) denote the statement
hht) C2n+t)

Let h=l, LH.S o ptid-r=
R.H.S o Pt ) C1+1) (241)

o

PP) s true
Let amume that Ptk) isfnue

kCK+DK+s ueie., pCK)=444.+k
6

We clalm tha PC+D: 1?4*- Hk4)-ET
6

is ue

6

ts trut]
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1) = Fa + Fa = (Fta)+Fa (F +Fo tFi)¥EtR

=(14(1-11))+141.

5

iF. FotF 141=2
F3 Fi + F = +2 = 3

F F + F3 =243 = 5

Reurision and iteratfon

i) Usually terative cmputatfons ane asten
Hecusive Conputations

)But necursive dedinttiom gives tmone

han

instgt nto the interpretafion athe
gewendunetiom

i)A tecursive pOamme piognamme
fnvolviafrivolving Hecursion) mont. df{icul

de debug han a cewesponding

terat ve bAoqAamm

fV) Ln genesal therea1e man prohems

nvolwin ICeursiom, for uwhich Herative

Boluttond ethe do not e nis q ae
enslly feund

Recuvaiom and nduetion

r ane hot

An Pnducfive dedinitfon o a

prppetb o set P Chaving the property)

olbwsP5 ven os

Gtiven a intte set A whene elemenk

have he openty P

) The elemen a Set B, al af which
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H.F'
any n sek, shShoT AAzp.., An ane

by mathematical indutHon that

A ; (Fxkrded,or
fa)

Monan

(A denotes complemenk oA)

Let ptn) be the staternent that the
euallty helds n sek

basis step: pC ls the statement tha
A which ia obviously tueA

Tnduction step: suppose ptK) is ue or anyka

AUAz Um - UAk A,nA, AN

A A2 .
Ak

e AA2, . -. Ak4) he any k+l ses

etB AUAz U.. .A
Then B = A UA2 U.. . 0 Ak =A A A 1 A

HS O plk+) = AU Aa U . UAgUAk+!

(A UAs U. . . . UAE) UAy
(assoctative p1oPJ,

=BUAe4)

pa (by DeMorgan's la
or hoo sEk)A nAzn-.aAk)n Ak

)
kt

ie, if ptk) is daue, plkH) is ako inu
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85 Sfa)- b, 2'1 b,63+b, (s)"=sb, + 962+2s4
S5 = D=b.'+ b,- 0) - ba (5) -b)8bz t 5%,

3

toe have to soke the eq

btb, t b, =
-o -

So

b3h t 5b,-3-
Ab+b, t2s b = -8s-

35bo xO- gves5b- 3k2- 35
-sba-IsbyeIS

rO- 2b,+ 2b2 +2bg =0

b- 3bz + 5b =-35

623bg = 35-

x - bi - 6b2 + iob3 = -To

4b 4ba t ås ba =85(

-15b 5 b3lS
-babI

Sotng ,oe qetget

5b - 3bg=35
3x 3ba +3b3 = -3

8 b2 3

4 +b -
bg
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o orden 3

i)i6 a e curvie ne e e lation of infinik onden.

anFo glen any positive integeí n We can nd k

Such that TCk)T(K-n)t5. Just fake k:2n,

then T(n)= T( Dt5:=Ttn)t5= T(2n-h)HS

So is nef posible to find a fixed pit#ve

tntege n uch tfhat a elation o the pe

T(K)c T(k-1)t...+ TCk-1) =f(k)

helds fY all k> n

Jorked ex amples

HE.I
Find the necuroience elatton satisyig

y = Ata) + B(-4)

Sotn Yn 3"+ BGA)
n

y-A 3 (4) YA: B(h)

3Y A3+B(3) (4) ) 84
-

- gives Yn-3Yn-, = B4(-7)
-2D-For , Yn- 3Yn- = B(4) (-T)-6

Froto and 6, Yn-3Yn-t -4(Yn=-3Yn-)

That t, Yn +Yn- 2Y- =0, hich is he

Heauned Hecuvience elatiom.

HEEnd
Frnd the te cuvience nelatton

Yn -(A tBn)4°

sd Yn AA"+ Bn -O

Yn- = A 4 "BBn-1Dn

From AYn- =A4"+B(n-1).4"-8D
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Ustng , we qp

So s(k)= I.2+4 (-3)- 5.5".

or Fibonacei
Waite he tecurnence Helation

numbes and olve it

The necubltnce Helafon s
Fln) F (n-1) -Fln-2)=o

The chanacteriaie eqn ts

a- -I=0
Hovk ane

4NS
2

Hence F(n )
Ako I F(o) =b1-tb O

I=(n= b,/Hy) ba

As b= 1-b,, an be wrdtlen os
AS

b, Cl4V5)+ (1-VS) (-b,) -2

+and b =I-57_EI
NS

le., 14V5 -14V5)b, = S

V54Vs-
bSo 5

Han ce the Heeu.en.ce elatiom the

Fibonacc Seguehee is

rin) ) ( )
nt
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6) stn)= i
GtS))

h

SCk) - Jhee for otkin
K> O

Sstn
G1(s3x)=2nte

K 20

nc+ nz+hCa z4 .

n
G1(s3z) = (+x)"

8) 1 p(k)- 6plk-) + 5 p(K-2) = 0 , plo)=a, pC)-

8)
shat is the genenating function p?

e GrCP; z) be the generating surchon

o 1 P then é1CPz)= pin).zn.

We eplaee the unning ndex k by n

pn -6 p(n-1)f 5pln-9) =o n2

Hen ce

O [ptn) - 6ptn-t)+ 5pn-2)]-"

P)z"- 6 2 pn-1)z"+5 Pn-dZ
n 2

pn)z"- 6zÉ Pn-1) +5z Pn-l
na2

=PC2)z+ p(a)z . + P)x+ plo)-PO

4z PeDz+ po)2t + P(o)-P(o) ]+

52Ipto) +p) z + Pa)zt .7

61 (P; z) -2z-2- 6z [ 6 (P3x)-2

+5xToCPZ))
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Unst-i
Solution af hen-honmogene oUS Aelattoms

Ptoblerns

1) Solve TCK) 7 TCK-1)+ 1oT(k-2) - 6t8k oth 7o

and T) =&

tHomogeneous equatton
The chaactenistte eauation is

A- 1a+10 = 0
TCk-3

The roDs ate ,s
,C

So he geneTalSouHon ts
TK) =b,2+ b, 5

poticul 6dlution
Take d+ d, k for 6+8k

replace

d.+d,Ck-1), do+ d, (k-2)
TCK)TCk-1), T(Kk-2) by do td, k

tespecdively we qet
do +d, k-7(dot d, Ck-1)) +1o (dot dCK-a)=t4E

ie) hdo13d t o,K6+8k
Fauating the cootesponding coienk we ge

pdo-13 di =6 hd 8

4do 6-6
do3

Hence parttieula Solufo ts 2k and theHence

9ereral Solutlon is

T(K) =b, ba.s+8+a
I=7(0)=b, +b, 58+0btb, +8
&TC)=by +ba 5+8+9 =abi+sbg+10

ie) b+b, =-7-O
ob +5b2 -8x 2b,tbg =-

sb2 =(i8
3b - b

sdve

-lom
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F 3 NoTSt Cnse analysts R inayseanch algoithn

Tn binabin aty seatch method we. dtvide +Ae

le no wo halves and sea ch

Assume tha it takes
locating

one unit ttme dor

+he mlddle of the le
Let TCn) denote the me (worsE fme

equi ted or se arching a 4ile witR

Hetord sSn
Tn)= =

1+ TCns]) «ohene n] s

o
he size hal the:le ).

Then
the tntegral pat n (2] denokes

We asume hat Tto) = 0

The 1eCuoence 1elaton Can be Soled easily

when h=, k2 o

Tak)I4 T(I2/2]) =I4 TC2)
Repeating the caleulntion, we .ge

TCR*) = kt)

Nhen h is hot o the
. om CUe

sfollewsPovCeed
be hon-heg atie in teger such

tRat2 r-1 n Then
R.H.S gives theN Ca,8a a,)a wheHe

SAe paesentationn

Then A] a,aa.
bina

Thertdore

TCn) T a, A2 .. Ar) =l+ Tla Aa..
.9T-)

- 1 (1+ TCa A2 -a))

= (7-1) + T(a1)

= (r-1) + T(1)

Tin) T
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1) 8uccesOAunctio S doßtned by S(x) = X+

projecfion u nction dened by

lete:
As Cx= x fon eyety in N, U

+he denttystmply uneHon on NN

Sefn:3
fi, fa.

. fk ane partial funcfionsa

nvaiables and is partial
+hen the compasHion oh a wih

K Vatables,

d1da dk is a pattinl funchion

n vaotiables olefthed byg Cft *7, Xn)

Note
The composthion o g with a Snae kunction

The
ane unctHons Ange,whene both f, 2

Vatiable educes to the ual composition

unckios
Fg

eine f, (x) = 14* and q(z) = +Wx

Fg3
et f,(x,y) = x+y, fa(x«y)=2x, ta(X)= *

Then Hix)) = WA aH x) V14x

and gc y,z) = *+t.
g ,Cx, S(x,9), fs (x y)) = a(y,ax, y)

++* +Xy

Thus the coropos Hfon oß 2. wth Sif2t2
gtven by unctienh daftned by

h (Xy)= *++8x+xy
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Then

6tC8 ) = 2 Stn Jz*
nzo

Now Stn) -s(n+)-nt =0 nE

So OEStn)-Stn-1)- an+2zo
nal

ence
-2 Stn-t)z"- nzt2z

nO = Sn )z

=St1) t &)z+. .t Slo)-S(o)

h

SDz4 s2)x+ ..+St0)-Sto)J-2n

n-)"J-nz"+2
StMzf SA)z+.. t Sto)-Sto

z[sto) +suz+. .j-a |z+22t.7

+14z +zi4z'4. .
-]

ers2)-sto )- z [Gce;]-27|

Csz) - 3 z G (s x)-åz| (-2

(1-7)

-7) GS )-3-*z |-zZ
Rewniting we qe

2(1-Z) (s3 7) 2 U-7)
Hence

5
(1-7)

GtS3 z) (1-2) -z)
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en Genenattng unctton

neion 8eenea
So, Si Sa,,.. the pouey seHfes

The geneatHng

G(8 z) = Sot s,z+ Sa7*

HelatonsSome Cotnmen HecumencCe

HFinodTaT

Sh)=n Stn-), nzI and SCo) = ) .

Gvn Sn)= n stn-1)
Sc) = 1 Sto) =1 I='
S2) =.SCI) = 2.1=

S(3= 3. sh) = 3 6

Stn)= n

Fc Ck) Gt(k-1), k2o, 6tto)= I

&(k) (k-1)
K-

Gt Ck-2)
k-1 GiCK-3)

61 to)
k+-1)+ .+
144 tK

=

kCK+1)

6tk)=
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D A total un ci on f ove N is prtmHe

et unsiw i
)t is one o he thuee Inftral tunctions or

6) t can be Obt quhed by applyiog CompasiHom

andand ecuTSion finil humben mes to he
sct cnitral functfons

Shoo that f, (x,g) = x+y, *,y N is pimiHe

Aecusfve
+

(a+)=
(+2)+

BotnHONow, ++)(x-ty)+1 0
DeRtne ,x,o) = t=+o

+3=h+l
55

= u (x)
S, Cx, y +) = *+ (yt1)

,(x,+1) s( (x,y, 4; (a3))

S(, (xy))
S(X+
o+)+

Norked examples

N.E
Shoo that fxy) = x*y Sapimittve

ALLUTsive unction

fx, 0) = x* 0 =0-O
f +)= * (y +1)

x *y+x-

Fxy+= S, (us(x,y,feo y), u,g,fe 1))

= S, (fe, y), x),(x *y, x)

= x*g+

Page 58 of 124



61 (Pz)- 2z-2a - 6z G CPz) +12zt 5z(P; z)

-62 4 sz2) & (P;z) +10x
-

- lox = (1-6z+5z) 6t(P z)
-1OZGtCP ) bX+5I-6xt5

)Usinga the genenating unctfm Solre the

Ynt2 nt67n =o ven
the

diffenence euaton
Y Yo =2
sotn

Le 6tCYz) be the genera#ng uncton 5
he seauen ce Yn

Then GtCYz) = 2 Ynz
n

A Yn42 Ynt6 Yn =0, nz o

(Yt2n 6Yn)"o
n1

Hente n

2 áYnZ - 6 2 Ynz
Yn42 n=0

,Znt2

Ynt

2 z4]-nz4z
G(Y;)

-6 61 (7,
Y +Ysz+. tYtz)4yco)-t-yto
z + Y2z +.+ Y(o)- Y(o)

6 6CY Z)
etC,z) -2-2 J -[aCy; z)-2

MulHplying by we ge
2,GCYz)--3- xG (Y3 ) +22-bz G(Y;z)=0
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and Pantal Aeeunstve funefton.sRecunsie

e g2,* * *, Kn, y) be a total fundion

a 91equlat funeton tAene
some yo N 6uch that a(xay*o)n

Ove

exisk

oY all values x,Xi.. n in N.

F Gxy)- min (x,y) s a snegulan uncdfon
Snte 9(x,o)= o or all xe N.

A unctfon f(xa.. , Xn) ove N isA
defmed fMorn a otal funeifon a( ¥,..)o,
by minimizatiom

a) f(X, Xa, Xn) fsthe least value all 'ssuch hat g(* aj. . .,Xny)=o t enisk.
The legst value t6 denoled by

b)f(x,,-. . , Xn) t6 undetned *heHe ls no y
Buch that (Ka,'. ., Xn,y)=0 .

Note:

Tn genenal,t is portial, I6 g is negul

hen fs fobal.

ehn:3
A functon s ecunsie iit an be
A

frorn the intal tun cktons by a

tnit hu mben o appkeatfons cempositiom

tecursion and minimixation oe egulay

bained

unctions

A functien is portial necursive i can be

obtained fprom the 'nitial funcdtons by a

A

Page 60 of 124



dot dk- 4do -4d,k +4d, +4d0 tAdk 8 d =8k
do t d k + 4d-8d = 3k

(do-Ad ) +d k = 3k

uattng +he Cotespon di'ng coefidents,
we ge

do-44- o d-3
do-4(3) =o

do 1

parHcula soln coTresponding to 3k s 12+3k

patticula oln

Take dk
Replace sCk)by dk

dk 4 Tdck-ibt-I]+4[dtk-2)J-
a[ax- dtx-1)*4 dK-3*] -

K

dk2 d (k-1) dik-)=

dk-2dkhdk - Rd +dkhde +hd 1

d
pattlculat soln co1espondtng to i

6teneral Solutfom is

K
sCK)= (C,+C k) +1+3 K +)K

=Sto)= 1 +Co

Co = -I
I=S) = I2+ 3+ ( Co+ Ci +2

le)Co+2C, + 16 =I
C-t1) +2C, +IS=0

C7 0
C=7

C

SCK)= 12+3k+ [-t +(72) k+ IK(%)7a
Te) sCk)= 12+ 3k +(k*+7k-24) *
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Noe
)ocn 3 generalizes the composifHon

Th6 concept is useul whendtwo unctions

humbe e oul puik

Subsequent sleps a P091am.
be cone the tnput or a

) 3 2,.. , e fotal then the

Compos fon o w Mh fi o, e s olal

A uncton f deftned ovwn Nis delhed

thene exisk a consiant k,
A

by tecuTa/on

ckeN), and a funden hx) such tbat
fto)=k, ftntt)= h(n, ftn)) -0

Note:

Using O and induction, fn) can, be

defened or all ne N

Fa
Dene 1) D! by ecurai
fto ) ftn+) = h (n, fn)) whene hu,)=So

As Stx- x¢1
SCh) n+, ftnlen

hn,ftn)) =Stn

h(n, fon)) = (n +1) *ftn)

-(ntI) n nH)n
(n+4

n+1)

A Runctton t1 vaiables is detna

by necuslen, thene ects a function a
n bles, and a unctton h nt vaiades,

and fs deßined % follws

fCXa. Zn,0) =9 (z1,ay., Xn)-0

f a. .
.n,y+1)=h(Xa. .,*n,y,Cx,2.
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APplcortfons o composih ons

mint mixation.
nite numbe

e ursion an d
T sssumedhat we ane considei

prly sels whose elemess ane natural numbevs

0Y se n-tuples o +he artural humbers.

To each Such set A we can detne
Thehe chavackertstrc unctto he

chatactenf'stie un chion X nsslghs the vlue

Ror allelernentk a A and assighs the
value o for othens For ex A-2,48,1

Then Xp ()=1, i 7=2,4,8,16 or 32

or all natural numbexsand X)= o

X# 2h 8,t6132,

A Set A is called ecursive (partial

9tecursive) Rtkchaotncterishe function K

t6 necur&'ve C postial 31ecursîve)

Norked examples

WF show that S(x) = * s patral ecursie

let gxy) =[ 2y -x|. 2y- = 0 fer some y

ry when even

Le S,x) = M, Cl 2y-x| ~ o
Then i defined ony ior even values

and is pato
When odd ,(x) is not detned

So $, end hehcefis postial vecursive
NE:

Let IJethe fntegtal paxk oV
$ho +Ra NzJs etuTsive.
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=| 6i(F;2) -1-z]- z [a (F z)-]-z [aCFz)]

G (F; z)-1 -z -z Gh CF; z) 4z -zLG(F5*)

1-z-z) a (FSz) -I

I= C1-z-z*) a CFjz)

Gt CFz) = 2Z-22
3) Find the generattng funcionfon stn)= baSCn)=ba",

sdn:
G (S z) = á ba". z

b an.z
ht

bi-axJ
G1(8 z) =b

A)Stn) = n

sst'n:CS; GtCS;Z)=0 n.z

Z+&X4.
x[1+2zf32 1
C1-z)

GtCS37(-2

5)SCn) =bnan
Sothss ats3x) = bna "z

=baz + 2ba'z4.

6t tSsz)= abz
(1-az)*
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NF Shoto tRad txy)=x s pttie neurate

sotn

fx41)=

ftx, yt1) = u, (x,y,fa y) ) *

3 CXftx,9)

N.E'3Sheso tRat the follord ing uncttons ove N

0te primiti ve necunstve

) conskant uncfion ove NN.

) pedecsod uncttot
irt) prope ubtrachton funchion

v)zeno test unction.
odd and een patity funcliom.

POE Wehaye tO shov that flx, Y)= k Ctonstant)

fs pHimiive

Let fcx) = k

0etneflo)=k
2

fin+)= U, (n, f(n))

Ne hare to Show hat
an d plo)-o

efne p Plo)=0 =X(o)

p(X+1)-h (xipix))
U Cx Frx)

PCx)=-
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ba

b=-7-

T(k) =-9.2 +2.5s+8+2k

2)Solve SCk) - S(k 4) -6SstK-2) = -30, Slo)=å0, SCD>5

6sto chanactetistic eauatton fs

a ab O

replace
Slk),ste-)

sCk-2) by
R4AS =

COS%tat

(a-3) (at2) =

23
eneral Solutfon s

SCk) = b, ) t b8
telatton isR.HS ecuten ce cmstanE

Ta ke d teplace SCk), SCk-1), stk-2) by d, we qeE

d-d- 6d = -30
d 5

particula soluton s 55

The general solution is

SCk)-L, t2)b 3s
o S (o) = b, +b, ts

b tb IS

= stu)= b, (2) + b 3+s

-2b, +3ba tS

b+3b = -lo

2b t8ba =- 10 )

x b+2ba 30

b +3b2 = -10

b2= 20

bth = IS

b=
The soluehisn is

SCK) = I1 (-2) t4 3+5
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14 AClA)

1Ao4l, 3+1

14 Alo, All 3))

I+14 Al1,3)

I414 A(140,2+0)

4A (o, ACl,2))

+14 A CI2) Frum

= 3+ romlb)

A2)=

fo fon ptoving this we need the 1ezult

Ay)-y4
Now AC y) = Alo+1,y-1+|)

A (0, A Cl,y-1)

1 At-1)

-1At,1)
y-14 3

Ati,)

AtB,D = A(84|, O+t)

Aa, A(3,0))
=A(8, A(a,1)) by

= AC2,5)

= A CHI 4+1)
ACt, AtA,A))

= + AC,A) From

a ACI, A(R,3))

z3+2 AlR,3)

AtACt, A(2,2))
At 3+A(A, 2) From
6+7

A3)13
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8)Sole S(k) s(k-1) - 44 3(k 2) -4

chomadetislic caualion it

CA 3- 0

(oin
tide

(-h) (a +1) = o

k ofneid
The took a1e-1

do4im
ralni

2Solutto is
Take dk a

SCK)
=

b, (-1) b2

paticulan solution
siubstrhule dr4 or stk), dr-)4t

SCk-1) and d (k-a) * for s(k-3)

dk 3d (k-1)44d (e-a)4=

dk- Bdtk-1)4-4dtk-2]=4KA

16 dk-12 d Ck-1) -4d (k-2) =16

tbdk-12dkt 12, d - Adk +8d =16

o d =16

d n= =0-8&

poticulao1 solut on i (0.8) k4*

The general solutton s
SCk)= b, (H) ba 4+ 0.8 k4

A) Solve : StK)-4 stk-1) th 8CK-2) = 3k+a*. stol=l, S)

Botn-
D chanocteislie eauatiotn ls

a-40+4 =F0

The Hoo aie 2,
The general Selutfon is

SC)= (Co +C k) 2*
patticula holution for sk

Take do td, k Replace SCK) by do td,k,
stk-t) by dotd, Ck-) and sCk-2) bydo td K-)

dotdk-aldtd,Ck-1)J+4Ido + d, (k8] = 3k
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F Find T (27) whene T(n) denotes the

wors Hme fon biny each oa e
wrth HCcordkn

Sotn
27 1b+84 2++1

3at = CNo)2

T(a7) =4TCtto)

1++TU1O))

1+ 141+ TCUD

1t14 1+(TCu))

.I+ I+1++T()
1+141t1+

TCRT)= 5

oehn
A Portial funch on f rot to y is

primiive stetursive uncttons

elementMule which asstgns to ewny element
x atmostene element o Y.

ever
*

X

Aekn
A totalfunedienfrom to y tt a

tule cohich assigns do eery element oX a
unique element f Y.

Fa
The ule f +T I a partial Runcton

Stnte ft) is defined only for non-negai e
real nurnbens and net detned onegatie numboh

&0ekn:

The tnital Runcttons
Oven ate G) xano

function 17) Succersoy uncton i) profeeion unetisnare deined by
1) Zetounction 7 deRined by «) =o

b
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OeRine

PCX,o)= X-0

PCXy4) *-(yt
-

= P(x-)

Bg (o) = S(zto))
Slo)

Siqmum

sg Cxt1) z (v, (x,Sgtx)))
=z (3 x))

V) Po) =

Pr(2) =, . and
PrC12 = Pr(3) =

Pr (0)= to)

Pr CX4D = $g ( Cx,PrCx) ))
Sa co)=

Sg Pr (x))

PrC3)=3qp(a)

Sho that i x ) dalenes tR renalade
upon dtvision o by x, then it s a palmtie
une on

sdnBo Ne have to shov that fx y)=(vemalnder)
pon itive

a,o) - 0 =z(x)
ftx, y+1) = s (fx y)) * Sgn (x -SHCx,y)) )

Sgn to) = zto), San (+1) =S(z(v2°(x, Sgntx)))

Snunctisn

Page 70 of 124



6tenerattna funchns

)Findd the generrn unctom 5
w the

e Cui en ce Helation
SlK) = 2stk-1) , Slo) =

sotin
Lel 6t (s;z) betRe generating uncdion

o the scquenre 1str)j
Then GCs; z) = So) +St1)z + S2)7°|..

s(e)=
2S(k-1) Sto)+2sto) X t 2ao)zA

st) 2¢sto) =1+2z+24 .
S(2) = 2 fSt)

= å2S(0)
=sto stnre a = I+x+x4-.]

) Ffnd the generating unctim a Frbonncd

Beauen ce
ssn

Fn)- F(n-)+ Fn-2), n2 2, Flo)=Fl) =1|
Gtene raltng sun ctton be G (s; z)

Ftn)-F (n-)-F(n-2) =o

Hence
O eLn)- F(n-) -Fl-a)]z"

0

2 F(n)z"- 3 Ftn-)z- Ž Ftn-2)x
h

Fin)z"- z Fn-i)z"-

FA)zt F(8)z4 +FC) z+Flo) -F)-F
- xFI)z + F(2)+..+ Flo) -Fo)7-

2[Fo)+ F()z + F(2)Z4 . .

= [ Fn)"- Flo) - F(t) z J-z[Ftn)z"- Fo)

F(n) 2" ]
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A denotes Acketmanns functton evaluatë

a) ACt,1) 6) A tI,2) c)A,1) d) A2,2) e)A(3,1) f)A(3/2

soin
Recall the deßinition A rDYm ex 3 and

A loy)=y+1-0
A (Xt1, o) = A (x,1)--

A(7t1, +) = A (x, A(+l,y)

a) AU) = A (0+1, 0+1)

A to,ALI,o)) by

= Al0, A (o1)) by

=A CO,2) ns by O Alo,) = l+l =2

=3+1 by O

Hence AC11) .
b)A CI12)= A COtl, 41)

A(o ACI,1)) by

A tor3) hy (a)

=34)

AC1a)A

C)Ala)= ACl1L,0Ht)

AtA (a,0))

A13)
A Co41, 241)

= Al0, A (I, 8))
A0h)

A (R,1)= 5

d) A t8 ,a) = A (141, H1)

= Al1, A(2,1))

A Ct,5
= A Co+, 4t1)
A (o, AC1,4))
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d He con noe hat yt1)-X s Zeno for

6n-zeto fos (y+)°>* .

2

(yt1) x and

Hence y+)*- x) ts y1)% *

Now IJ is the Smallest vaur o

da which y+D*>x :

Hence ]- , (3g( y* - x) =o).

Sg (y1- x is a negeulan funcfion ox

As [V ] is got by rminimixation a

tequlan Runction f ]1 s e cuTSire.

NF:3
ST the se af diisoTS Boa peste

tntege n is Heursi e.

A Sef is eursive is chaacfexistic

uncf on is
NoLd a

te cursie

humbe X4 n is a diviser
n and only if Ixio-nt- o for

Some xed i, ic n.

Also Ix*i-nl s non-zeofor all i
Iéien, if not a divisor af n.

e X denek the c hatactortisti'c
funchoxfuncHon of the se oall dlivisors n.

Then (x) = ,2. 3g 1 x*i -n|
nlote that is a di visor n Ix*i -nl=o

Sq lx*i-nl=i
As is 9ot ns a init um gt

porimitiveecurstve functisns, # etnsive
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C-z-62z?) G CY3 z) =2-7

Hene

To Solve the dfenen ce
euation

GCY3z) Z-6z
Hezolve

CY ) into poortialfra chns

I-6z= (1-3z)C1+22)

-Z B 3

1-7-6z*1-82 +22 (-32+1)(
-7 A lI+2Z)+B C32)

Put Z=2
5120+ B(5%)

put /3
57A +S13513

A

Hen ce

G (YX) J-3X

Ync0ehicient o " Pn the expan

o (1-3z)"+ CIt22)

3+-2
+(8z)"+Lu-3)=1+ 32+ 3z)*+

(H2Z) I-2z+2z)+ + ) Caz)"+ .

to) Solve the ecutern ce nelation S(n)= Stn-1)+20|

wth Sto)=3, St)=1 b inding tPgerevatin

un ckton

Lek aCsx) be the generating fimciint
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)A 32) = ACa+l, 14)

AC2, A (3,1))
A CR 13)

=ACI, A(D12))

at AC2 12) by (i

= + ACt, A CI, 1))

- a+ A Ct, 13? by()

tt13 bt)
Al22)=1
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d v

Latice;

Detn A Posetx, ) s Said be a atlice

eve boHR avb5 aAb exist.

E
not aLatice

at Li ca

Thm:

Eve chan a latca

1 a chaün ond

Then we have ether ab b a

Coei
ASSwme

clec
, b .an PPet bound a and b., cie

an PPen ounci
and

e have. a and b#c hG8 ec. oY ev

Ppen bound a ano b,

hence
PPe bounc o a and

e) a vb
,

v =a and: aab: b

a,b Ex

19
1,2
2,52,
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So n:km KXn K

n mn +Rus anti

So k.= Gnd L and

Symmetri -

Su +at
; tiii Let O

m S

dividas S Ran m kn, S =Am

iviede3 m

So Somo e nkegen kanc . No S 2m=>Xk

n divile> S. So ansiEive aso
**

Let Cx ) be a Posek and

US an elamant
Such +ak ase

an CaPPen bound Jon a and b.

Rar C Said

on elamen
,. Said to be a loast

uppen bounod Y oy a and b. Li e u an

bounol aand b Cascbe)
Ci) haneyan an uppen oound oa andb

Raan e d a o bsd => Ced)

An element C Sai Said o: ba. ouoen

ound and b Ran c

Said eamant uat et Louen bound

aonc b c a loua bound aond b

ousan böund o a andb

E
+*ha Poset (p (12), ) harna

divi 3 6 3v6 6 4V 6 212
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912 lation in L a olloto
. abe, as ba

bh bea n(L ),

han E aso a paneialL orloin en L. +Re Pot as.

rdasina calasi. Re Tavenba

g. clannly Jor al a,b

a b (L,£) =lub ab3 in( ).

:

(L, e) abo alatdiea. This lattica callas

HRa dual +Ra attia CLI£).
**

a b =) avb =b Vi. HeHena nal

SEatemant a>b) anb b ', Valid:Valid

Thn
(Inany jattico ( L4) +he ofenationa v and ane

.
ioiona z ini XAY< XAZ and

vExv z 'Jory al eLs,

Lot X, y,zE anc yY z

Biolan pe kenE laus,xA
. ASy4 yAZY

So XAY = lxAx)AIYAz) XA (C xAy)Az)

XA(yAx)A z)
Commuel

EotiN,

xAC ynlxAz))

CAY)A [xAZ).usir aho
eti ve lad

From xA y )ALxAZ) andl tm3 avb
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Deln:

L C x, ) be a Po^et Rana an elaman

Sad to

an elaman

an O. Xaex Such tRae as

ba a leas elemenE n K.

elimenhE bex Such +Ra zsb \¥ E x.

Sai Eo be a eates elernen in hara

a laast elomant in (x,4) Than uniue
I 7aatest alamank in

Cx,-) Rn U uni L

Tha nates elamant tt eaint
.

andRanoteA y

ano tecl

Lattica oich pot o and o

calad boundoo atic .

In In+a latEice P i), =) hasa x i

+Ran n l Se +Ra least elamant
******** ****

****** ***

andd Hha Se X. u aakest lamnt.

Some P Perticas atticos

Tn:
) ) be

Jollooin laD iTdemPontent Laus aaa -a and aavaaa

aLaHica an L 3aEisties R

o all aeL C commutative \a avb = %Y nd
aab = bA a abeL Cii a>sociatne laus (avb) Ve
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***************
* ******* *******:" **-** **

5 UNTT JV

pein LATTICES
A elakion R Saicr ,e an quivalents

eRakion R L elezive, SymmoRvie and tvansitive

Pana. odenin
De A Relation R said to ba a, Pantial.odann

on A R rale uive nEiAymmatYic and evaitiv

ocesuna on A +Ran CAi RJ
R PantiCal

OY

calle Pantial oroesadd se a PoseL

ualy
nstead ROY

Se cand PCx) ba ha Sak
C

(A
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CaAb)Ae ea^lbAc) C3) .

Nou,aAlbAce) < a and a CbAc) £

AS bAe eb by trasitivi, anbA<)£b

SuiaanlbAC) <a and aAA S)b, ahave

as(bA e) (ab) AS aAlbac) b cer
****** *****

a (bAc) lanb)A c >a)

From C) and t4) by antiAymmatric Pro Penk t

SollouoA hab

Oe an avove

Civ)Let abEL. Tan and asav b;

So a aCaVL) on ha ata hand aAlavb)sq

Dyonei symmetris
(anb) a,btL

Thm 3.
Le Cs ) 2 a Lottica. Far ang a,b, e2 +

ollbuonq ane eAui valan. (i) acb iR avb = b

eivi) anb a

Assumaagb. AS a4b and b<b.trom

+Ra dabn aVb.

e have avb n a 4Ra hand bsavb

tenca o an=i >gmmatYie Po Paney

wa nava av
C => tii ASSma Hhat av>=b.Than absor Ptio)

by
atb aALav e) o

ii ti) AsSumaRat aAb= a Than a a los
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IDan lattica nomomor P h m

d ->. Let A,v) and (La,A,v) be 'Lotticay and : 1

be a map +Aan f Said a
, .

i mat - homomorPhom
Ciijon)- homomosphim a tLivy) = u/l ; Y.6L

| Cii? CLattia) homomorpm % rmea -hornormarphin

n joun -homomor Phusm
ta)>ty)inl

Cvoran ->ievena&q mRp 44 in i SSiz) i+tS in

RonosR-
Tyecti va Suyactive, and bijeetivetlattica)

homnmoTPhums aa callad monomoYphim), epimoY PhdmS

and nomo1Phism 71asPe ckiaba.
cd, homo

Den
Tuso PoAet CP, and a,4') so callad OTdo

U anoyPki u +ana i ajeskive map p-a Sue

HRat x y in P t ft) e S¢y) En a

Let h and La be +Ra latki co napraenbs bH *

Haase diag7ams ven Tn 4a

r -L
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we hava xny <XAZ. v ioua
Tu y<z Ren XAy **

Tha cuas Satemant

RnXVy >xvz. Interchang Re Tole Y a

n+i Statamant

z Y, Ran vz 77XVYy.

coil
Fex an ,c,din a lattia (L £), ag

edfen avee:bvd and, aAc sbAd

AS ab, we have avesbve. As ed
e have be bre. B+anyeivity S,

ollos +a ave vd
obtaun aAc ebAd

Tm5 .
Tha ekmenty an anbtanil iCLi) Satiadj

HRa ellooin9 ieuau ti as

Lu Dist ibutiv Tnequali ies-i) KvtyA)E vyaCEVz|

t )xAtyyz) >, txay)v txAz

amociuln Tnequatitlas .iii) xe2 =a*vt yaz)< txvy}A

Civ) xz. =) xalYvz) *az) VZ
pt

AS Ci and tiv) cna suals i)and and iiiilnaseetively E

enoug ove ti) as Cü)onku FE
Lt x, Y,z éL. AS * Vy and x<xv Z, ue ha

xECXvy) a (xv z)

Page 83 of 124



qlb X and Y, have xAY SX

An d z <x and
******** - *

Z Y +fan

Eaka X YZ a . AS a4a trom OE

aa a and a a Aa nespeceive

B Ra ontisgmmekrie Pro Pent *ollous +Rak

Pnove haat V a a.

Ci Civan andand b eL, both, aab and bka
f 11

bs G aana b. anbe b

B Ra wi quenas T- a anal b, uwe have.
w a

*** unoxtimw (Onb)o,
alb : ba

avb = bva ahol s aooo

RCa eb abi C. E .PRa dan he

ab)ae la nb), and (a nbaAb) c£e
na v

By +Ra Deto/- aand b,

aAb a an oAbEb aAb)A

So by Eransitiva PnoPenty ey 'e,e Ka

and CaAb)Ac b.Sob
(aAb)Ac£a
(alb)A c .b ans CaAb)c ec, we Sac +Rat

AS

CaAb)Ac a Louenbound o one C

From +Ra don E bAC, t olloiosi+Ro

CaAb)Ac bAc

AS
arnod Caxb)Ac.bA c)roii

L22 have.

Den c eAc), . have n lbrC

b'nAC) anb
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E
Tha Hase iagiam +R Pose CPix), )

en belod

relaion (Subsat

x a, 33 and s u **

2E.32332
Denj chain oT obally ovdonesOYalneeol

A PantiaA Ondaned alatîon g. aSet A

callada Lotal ovcian CY inaanaa

evany ab.EA. ei+an asb o
exmy

atota oncan on A on Poe (A, ) mLe

CAain ) kotaliy ocleneel

Poset A, )

Sek

E

Let N be R Sek o al natunal noot all natunal no4 dasins
Set

2alation S On .
Fo

m <n t m a divi soT o

. Li men t n: mk
+ve rtegan

Fox Some

it A each tve ntegennte a ivi bo o bel

n N. and m

Stut

ndiviedas m 4Pan

Sorme tva nkagam
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PCX)
nelabionDeina

PA
A BG P(x)

Subsel kseld. hae have A

eveva>et a

Hov even ACPCx). So Natlexie
ame lie>

ti I A #B and AsB = tmp lies iR

USMoELrua.andl hanCa +R alation s

metri
A BC n

ii ). t AB and B c o Soma A B,cr

Subae B andd B Sbset a,
+Ron A

and So A

L v
w***********Mor***

S+Ra nalaEton s aslexive, Smmm

hansAive a Patial OYelon aleion onp

Hae2

Den Panial ordlonest inike S (A<)A

gnophi call napnanted by di

allad"asse dhagam +Ra Poet CA

Th elaman A a 1a12ented a
?lano Sucin hat e A Su ch +hat

nd a tb an Ra pE b Ploe abeve

Tha i b not be exacH

Tha IEical Je 4Ronough

T no c a Such****n ano
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So CxVY)A lxvz) an uppen

hon CoXVtyAZ) # CxNY)A Lxvz), Twas Proya

Tha e.aualàE cii) 'a szcias cane dt )

T T xz Ran xvz. and So * oM

v CyA2) xVy)ACx Vz) = (xg}AZ

okich 4R ineuai ey tii)
w***** ******* *****

T:b
Let baa non-empty Set and (maok)ano v (joint) be

Peaeiog nLSuoh APalt and V Sati Ady ha

loCo lcsndi tiona Sor aX Y, z

Commukakiy, La
. XAy YAX Ceno XVy : Y*,

ASSoCiative au XA CYA"z. ) = C XAY)AZ and xvlYvz)=

daHt AbSr ption, Law XVC*AY) =Xand Xa (xv y.) X
xvy)vz

-
u dagire £ nLasasXY 'end only xAY

=X an

L,
aLottice

D - Ne w LaktiC
A non -empE Sub/RtS o a Lateico. L u callas a

clo ecA Cudo +Ra opotatins join

Sublatico
, s lotes ndon

and maot . ia.) Hor all SiSa.
€

S +Ra gb Si,Sa3 an

lis siS23 in tRa Lattice aaa elaanes S.

xeL, +Re sek z3 a

E1. Le (, 4) be a Lattica

SublLica L. KY EL, Such +Rat x sy. tRan 4a Set

a. let C )nd CLa, ) ba. tRa lateims
Japrrasernkas

i Haeiingams, von n terectively. Tko aEEiCR

C ) note La = li-b,33
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ouPs tarm modul an \atbica si+a 7aJpe.ct

elion

CS

*****

oGdon ma mocdulan atica

TA s a normal Sugoup a, e orite Ad.
Tha Se o al noyma SubgnoupP Paat, +Ra

Pantial OTdasu&a ' Set+hasabic tnclusion ?

I A,G 4 +RA AnB G and t ib R langest urep
Tho Caneainas in botR A and B.

AAB An. AUo-a%/a eA .
beB? a noxmal Subgouf|

Caecuning bo+ A nd

Ica
anss ACC, Bc+Rsin aséE FieA'b B

So AB Cc and AB +haa mallat nmalt Aubansp
HRat Contains 4 A and B.

i) Av: AB. Th tRa novmal Su oup Coim a
Eca. Let A c e4C hdd A £e. oz nmd o Shouo +st

CAVB)A AV LAc) ) tABU A Bn<)
Lexe (AB)NC Than x =ab o Soma a & Ab B
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Son-.Ci)=> cii Lat ab * av

NoL CaAx)v C bAx) v Canb) = (tax)v( bax))v (AAb)

= lCavb)ax) v (alb)

XV Caab) as xéavb

av 'b£x

CiR=c) Lo x
=(ans) v ChAx)v (aAb)

x =CCa Ax)v CbAx))v CaAb)

=CCaAbAx) v CaAb)

From +Ris ua qe aAb x

AS X=C aVb)A«)V CaAb) oe. nave

x =CCavb)v taA-)) A C xvlaab))

=lavb)ACxv (aAb))

Cav)Ax

,Shod +Rat a lattica L citributlve &"andonly or
al a bc Cav)acav(bAc)

or a a,b S €L
.

avb)Ac= (aa c)v (bAc) avtbat) a AAC<a

Cid convevseii, aipuma *hak Cavb) A c eav(bAc)

abCeL
T Shouo 4hat L eribuive enouah o

Pov hos Cab)ACavc) £ av(bAa)

Nou, C av)A Cavc) 4 av(blave)) by aumPEim
av CLavc) b)

avCavccAb) aav CeA b)

av bA)

So Cavb)A Cavc) £ a vtEAc). ya, br ce°
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S and and La bSln: distri buive Laktica

aX Y, z eLx L2 4Ra das ie
Than X =(a a2)7 Y Cbba? and z ei) 3®T

ma biC £ and

NouxV CYAZ) a, a) v Clbub}a CCi Ca))

(avl CbiAcl aivlbanC))

=(Cav b1)A (aV<),Cazv ba) A LaLVCi))

((av b) (a2vb) A CCac), aavea))

(Ca t) v (b ub) {Ca a) v (CC))

Cxv Y) ACxv z)

So *, , ze LIx2 Xv (YAz) - (xvz)A (xvz)

**** *** . .
J

Deln
A LaEica L with o and Callad

Complemonted
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Y Y V CxaY)

VaA
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oNeg condiliers hdb all .y.zn
XVtyaz) = \ Xvy)A txvz)
XAyvz) = (xAy)vxAZ)
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M
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AAtbve) =laAb) vCaAL)
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* * *** 7* ************ *** ******
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P
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a naua *v
LYAT) (xvy )A CXVZ) Thus Zz.

Then Z and
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****
* **

** ****
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T ati oE
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Pentaaon atica Ng. n»F
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Thu *€ (AvB)AC =) x £AV (AAC). usmaneve

4Aec tRan CAVB)Ac <AV(BN)

Hena +Ra laALica L u modulan .

d **********

Tun
A Lattica L meddan nd onu orail
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ovemod.
Ty z Ran a yaz -Y and yvz = z

and
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So y, Y 1VY2
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Cn7V Zvy >xvy = avtbac) >
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There

S z 9Zv3 by a Hae iaPaia gnom
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Symbolically we write

C(a, a,)
HA

a, S(a, a,)

W.E.4. (Full-adder). Let a, a,, a, be three one-digit binary numbers. With a

anda, asinputs we obtain outputs s,(a,, a,) and c(a,. a,) using a half-adder

The output s,(a,. a,) together with a, forms inputs of a second half-adder

whose outputs are s(a,, a,, a,) and c,(a s(a,, a,). Hence sla,. a, a,) is the

final sum. c,(a. a,) and c,(a,. s,(a,. a,)) yields c(a,. a, a,). Hence a full-adder

is composed of half-adder of the form

la,a,)
HAa

da a,HA

So its circuit is

a.

s(a, a,a

cla a,a

Figure 48.
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The giveni furktion

(,,*,}x,x

-, ,0

The cirit diagran it given in Figure 50

Figure 30

The Tabe I will be beipful wben ii i» required to use only NAND gatei (or

onhy NOR gstes).

HE7. For the formula (P A Q) V( RA 7P) draw a corresponding circuit

Sng
iNOT AND and OR gutes

(it) NAND getes only (Nov'97, MCA. MU
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A symbolic full-adder is

ADD

cta,cfa,a, a,)

W.E.5. A voting-machine for three voters has three YES-NO switches.
Current is in the circuit precisely when YES has a majority. Draw a contact
diagram and the symbolic representation by gates and simpliy it.
Solution
Lettoeachi=1,2,3, xIif ivotes YES,

i votes NO.0 if
Then fa,, a, a)1 only when (a, a,a,) differsin zero place or in
with (i, 1, 1).

ER
AB+AGA

2

1'a
0

1. 0
1 13

0

0

0

0

So fa, a, a)r4t aa,+,4,*aT
To simplify we usethe Karnaugh map..
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Figre 39.

Nowadays. electrical switches are of less importance than

semiconductor elements. These elements are types of clectronic blocks which
are predominant in the logical design of digital building components of

electronic computers. So the switches are represented byso-called gates, or

Combination of gates. The representation using gates is known as the symbolic

representation.

Definitionof some special gates

Polynomial
Some Speeial Gates

identity gatea(1) a

NOT-gatea
(2) a

AND-gate
a,2(3) a

d
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hE2SPmblitu=ia+A324+MZA+11g-

Soin
z =_x1[(x3Vz)2Vz)L

T

m
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From this we can derive the disjunction normai form for the switchng uircut
p as

px+ xx,x,+x,*,x,*xx,*
The symbolic representation of p is given in Figure 45.

pa. a,

Figure 45.

W.E.3. (Half-adders) Describe the addition of rwo one-digit binary
mumbers.
Solution
In order to add two single digit binary numbers a, and a, we have to consider a
carry C(a a,). C(a,, a,) = 1 if and only if a, a, 1. We have the following

table forthe sum s(a,.a,) and c(a, a,).

s(a,a) c(a,, a)

1
0

0
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a,
(4)

x,X,* +xa,a,+. + a OR-gate
n-

(5) 3
(a,a, NAND-gate

(6) a, D-
(7)

(a+a,) Subjunction gate x+x,

(8) a
NOR-gate(a, + a,ya,

Exaniples
I. The symbolic representation of p= (x,x,y +x, i given in Figure 40.

.
p(a,,a) (Y+

Figure 4t

2 The sy:nbelic representaion of ihe tircuit given by

is given in Figurc 41.
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2

D

Figure 41.

3. The symbolic representation of p - (x, +X, t xx,) «,X*) is given in

Figure 42.

FED
Figure 42.
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-maLe
Etampla i

A Boolaan m n aapnasLstedby K-ma

Satn
T gp m+m+mn+nn

m m

=labed+abcdL+[a bcd +dhed+
abed+abcd+ (abcd'+abd)_

acd CbtL) +a'bc dtd')+acdl btb)
abe Cdtd')

acd+abc + ac d + abe

Eramplai3
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m m

o

fCa,z3a)zng++ mnn
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+m,+ mat+m)tM+M,tm,+s

+ 2 K4-

X
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Then fa, a, a,) aa,+a,a, t a,a,. The symbolic representation is given in

Figure 49.

a
a

Figure 49.
*******

W.E.6. Consider the Booleanfunction

fx, xx) =(«,+x)+(*x,)).x,x
Simplify thisfunction and draw the circuit gate diaramfor it.

(Apr'99, B.E., M.K.U

Solution.
Use Karnaugh map to simplify the given function.
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$8. SWITCHING CIRCUITS

Electrical switches or contacts can be symbolized in a switching or a
circuit diagram or contact sketch

S S

Such a switch can be bi-stable, either 'open' or 'ciosed'. Open and closed
switches are symbolized as

respectively. The basic assumption is that for current to flow through a switch

it is necessary that the switch be closed.

If S, appears in two separate places in a circuit it means that there are

two separate switches linked so as to ensure that they are always either both

open or both closed.
S.' indicates a switch which is the complement of S. The switch S,'

is closed if and only if S, is open. The diagram

is called series connection and we have current if and only if either or both of

S, and S, are closed. The diagram
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Only NAND Gates Only NOR Gates

a a' -a1. a

2. a+b

D
a.b3

D
a.b +c.d (See Exercises)

4.

abced)
5. (See Exercises)
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The Boolean polynomial p for the symbolic representation of the circuitgiven in Figure43 is p x,x+ x,X

4.

D
Figure 43.

Worked Examples
W.E.I. A hall light is controlled by two switches, one upstairs and one down
stairs Design a circuit so that the light can be switched on or off from the
upstairs or the downstairs.
Solution
A hall light is controlled by two switches x, and x,. They take the value 0

Let f be the fünction thatwhen they are up and 1 when they are down.
determines whether the light is on or off. Suppose f 0 when the light is off
and the light is off when both the switches are up. The function value table is

given below

0 0

1

0

Sofx x)=x,*, +xx, The circuit is given in Figure 44.

WE.2. In a large room there are electrical switches nert to the three doors to

operate thecentral lighting. Each switch has two positions: either on orO
Each switch can switch on or switch off the lights. Determine the switchiung8

circuit p, and its symbolic representation.
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UNIT-
Boolean Patynouals

Examplea

Eapress 1hipotynoialP(%1, xa, 23)= x,V
fo an equivalent Aum-0f Products Cancncalam in thxeeVarfables Xaand Mz

Sln

(xada){xaxi (aa^x)v(,Az

axaaldaV3s)v(aaxlal3,V73))

ia)al13va
aaA3v(aaxiaa)v(zanaXa)

MVm ym mVM Vm

E Fnd thPDAEfPlx, x1,x2)z
2taaa)(+3)xa)
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is called parallel connection and we have currcnt if and only if cither or both

of S, and S, are closed.

These properties of clectrical sivitches allow. thc use of Boolcan

algcbras in modeling and simplifying swvitching circuits. We write x + y and

xy for x Vy and x A y respectively.

Definitions
Let X {x, .x The elements x, X * are called

switches. Let P. be the set ofallBoolean polynomials over x,. X. X

Each element of P is called switching circuit.

To cach x, x is called the complementation switch of

xx, is called the series connection of x, and x.

x4x is called the parallel comnection ofx,and x

To each p eP., the corresponding function p:B B is called theswitching

function ofp..
n

Each switching circuit can be represented by a contact diagram. (WNe

use x, for the siwitch S.) For example, the circuit xx, +x,x, +x,) can be

represented by the contact diagram given in Figure 38.

Figure 3. C'ontuct Diugram for x,x, +x,X, *X

Each contact diagram cau be represented by a polynomial in P. For example

the contact diagram given in Figure 39 can be represented by the polynomial

x,xxtx* *x,*,).
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a

f(a,a,)
a,ta,

Figure 44.

Soltion
We denote the switches by x. xx, and two possible states of the switches x

by a, e {0, 1. The light situation in theroomis given by the value

Pla,.a,a if the light is off and

. if the light is on.

=0

=1

We choose p(l,'1, 1) =1.
If we operate one or all the three switches then the light goes off. ie.,

pa, a,)=0 if (a,.a a,) differs in one or in three places from (1, 1, 1).

If we operate two switclhes, thelight stay on. So ta,, a, a)1 if(a,, a, a

differs in zero place or in two places fronm (1, 1, 1).
|

Table

Mintermsa, plaa, a

1 1

0

xx*
0

0

0

0 0 *,X.

00 0xx,
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=m +m

= Mt Mt m,t m

l,2,2g)=m,tm+mtm+m+

+mtm m tm+M

m
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(4

m+m+m+m+m+m+m+mt)

=abcd+(a'sed'tabdd'+ abe'd'+abe)
t(dbed' abcd adld_dbLd'

abcd +lbele'lata +bca lata)E

a'ba lc4)+abd'(ctc

abcel+Cd' + Bd

SEm.bli ka llenaing ina K-mab

Scdn

3 (aVz)(ZAV2)

= M+ mtm

mt
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So S and C 'have the disjunctive normal forms x,x, + xx, and xX
respectively.
The corresponding circuit is given in Figure 46.

Cla,a,

S(a,a)

D
Figure 46.

By modifying S we can obtain a simplex circuit.

SX,X*X,*,
-(xx+(x, tx,Yusing (xAyy= x'Vy

(x+x) (x, +x,)Y using xVy (xAyY

XX,x,x,'=0a 2
a-(x,*x,*'Y

-xx (xx
-C (x,**,

This leads to the circuit given in Figure 47.

C(a, a,)

S(a, a)

Figure 47.
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